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Keywords: A graph G = (V.E) be a graph with n vertices and m edges. A graph G admits 2-divisor lucky
labeling if f:V(6) — (12,..,n} be a labeling of vertices of graph G from {1,2,3,...,n}. Define
s() = [Toenw) @]. where N(v) is the neighborhood of v such that s(u) # s(v) for every pair of
adjacent vertices u and v in G. The vertex 2-divisor lucky number is the least number from the
set {1,2,...,n} that has been used to label the graph G. It is denoted by 17,,4;. In this paper we
have investigated for some types of identity graphs of finite group and some zero-divisor graphs.
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1. Introduction

The zero-divisor graph has two types. One is in the Beck definition (1988) in which all the elements in the rings will be consider
for the vertex set[4]. Other is in the Anderson and Livingston[3] definition he slightly varied by considering only zero-divisor
for the vertex set in the year 1999. Identity graphs, semigroups and some special subgraphs was studied by Kandasamy and
Smarandache in this paper[6]. Rosa[8] was the one who introduced graph labeling in the year 1967. Labeling[5] has many
application in the field of Engineering and technology etc. Lucky labeling was studied by Ahai.et.al and Akbari.et.al[1][2].
Applications of lucky labeling is in transportation network, to model protein structure etc. Inspiring d-lucky labeling and
various type of lucky labeling 2-divisor lucky labeling has been introduce in this paper and studied for some identity graphs
of finite groups and some zero-divisor graphs[9][7].

2. Preliminaries

Definition 2.1: Zero-Divisor Graph:[7]

Let R be a commutative ring with identity 1 and let Z(R) be its set of zero-divisors. We associate a I'(R) to R with vertices,
Z" =Z(R) — {0}. the set nonzero zero-divisor of R, and for distinct x,y € Z(R)", the vertices x and y are adjacent if and only if xy = 0.
We denote their zero-divisor graph of R by (R if we take vertex set as Z (R). In [, (R), the vertex 0 is adjacent to every other
vertex. T'(R) is a induced subgraph of To(R).

Definition 2.2: Identity Graph:

Let gbe a group. The identity graph ¢ = (v, E) with vertices as the elements of group and two elements X,y € ¢ are adjacent or can
be joined by an edge if x.y = e, where e is the identity element of g and identity element is adjacent to every other vertices in G.

3. 2-DIVISOR LUCKY LABELING FOR SOME IDENTITY GRAPHS

Definition: 2-Divisor Lucky Labeling:
A graph G = (V,E) be a graph with n vertices and m edges. A graph G admits 2-divisor lucky labeling if f: V(G)—{1,2,...,n}
be a labeling of vertices of graph G from {1,2,3,...,n}.

Define, s(1) = [Lvenw) %L where N(v) is the neighborhood of v such that s(u) # s(v) for every pair of adjacent vertices u and
v in G The vertex 2-divisor lucky number is the least number from the set {1,2,...,n} that has been used to label the graph G.
It is denoted by 1, 4.

Theorem: 3.1 2-divisor lucky number for the identity graph of for be an odd number is two.

Proof: Let G = graph of Z, n > 3 Identity graph be an odd number.
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V(G) ={0,1,2,..n = 1} = Jtg, ty, ty oy tn-1, tnt1, ...,tn_l].

z 2
E(G) = {toty, tity-ptaty g tomt tin). 1SiSn—1 V(G =n:|E@)] =2
2 2
Define g: V(G) — {1,2,...,n} such that g(¢t,) = 1, g(t;) = g(t;,) = =g (tn_—l) = 1 and
2
g(tnt1) = g (fn_ﬂ) = =gt =2.
2 2

oy 9@ +g(t) + -+ g (1)
s(to) = >

[g(to) + g(t,,_
S(fl) — g( O) 29( n 1)}

[g(to) + g(t,_

g(te) + g (tngl)

Sf—1)= ;
(HT 2

R ([(ORIGY

such that 5(to) # s(6) # 5(6) # = # s (tams) # 5(t0y)
To label this Graph only two labels has been used and also admits 2-divisor lucky labeling. Therefore 2-divisor lucky number
is two i.e 7,4 (G)=2.

Theorem: 3.2 The identity graph of (Z,, ©,) for n > 2 be an even number has 2-divisor lucky number to be
two.

Proof: Let graph G = Identity graph of Z, n > 2 be an even number.

V(6) ={0,1,2,..n— 1} = {to, t, 1, ot oot

. , - 3n-3
E(G) = {toty titn_y taty_g -/ 1<i<n—1} [V(G) = n: |E(G) ==
lif n=o0dd

Define g: V(G) = {1,2,...,n} such that g(x,) = 1. and g(x;) = {2 if n = even

, . n .
1313n—1and1¢5 g(x;)—z.
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s(t) = |42+ 9(t) 2+ S g(tn_l)}
sty = [1¢) +Zg(tn_1)}
s(t,) = [9(t0) ‘|‘29(fn—2)}

5(eg) = |25

g(to) + g(ﬁ)}
2

S(tn—l) = [

such that S(ty) # s(ty) # s(t,) #= - # s (tL—l) # s(t,_q).
2

Graph G admits 2-divisor lucky labeling and to label this graph only two labels has been used. Therefore 2-divisor lucky
number is two i.e 7,4 (G)=2.

Theorem: 3.3 Identity graph of Klein-4 group under composition has to be one.
Proof: Let graph G = Identity graph of Klein-4 group

V(G) = {to, tl’ tz, ts} = {e, (I, b, (Ib}. E(G) = {tot[/l S I S 3}

Define g: V(G) — {1,2,3,4} such that g(t;) = 1 forall 1 <i < 4.

s(ty) = |9(t1) +g(t2) ‘2|'g(t3) + g(ts)

s(ty) = [@] foralll <i <3
such that s(t,) # s(t;) foralll <i < 3.

Only one label has been used to label this graph G. Therefore 1,4, (G) is 1.

Theorem: 3.4 The 2-divisor lucky number for the identity graph of quaternion group is two.
Proof: Let graph G = identity graph of Q.

V(G) = {tg, tl! tz, tg, t-’-l-! t5, té! t?}'

E(G) = {tot;, tots, tats, tet; : 1 < i < 7}
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2if niseven
lifnisodd”’

g(t,) + g(t) +g(tz) + g(ty) + g(ts) + g(ts) + g(t5)
2

Define g: V(G) = {1,2,3 ...,8} such that. g(t,) = 1, g(t;) = { 1<i<7.

S(to) =

o= |22

s(t;) = _g—(EOH‘f(E"“)] ifi = even

if1is odd excepti =1

S(fi) — 7Q(to)+‘f(ti+1)]

such that s(t,) # s(t;)forall 1 < i < 7 and s(t;)for i even # s(tj)for i odd.

Graph admits 2-divisor lucky labeling and to label this graph only two labels has been used. Therefore 2-divisor lucky
number is two i.e 1,4 (G) = 2.

4. [7] [9] 2-DIVISOR LUCKY LABELING FOR SOME ZERO-DIVISOR GRAPHS

Theorem 4.1: 2-divisor lucky number is one for the zero-divisor graph, .

Proof: Let graph G = I'(Z;p) and p > 3 be a prime number.
V(G) ={t,ty . tyr, )} ={24,..2(0 — 1), p}L E(G) = {t;t,/1 < i < p—1}.

[V(G)| =p:|E(G)| =p— 1. Define g: V(G) — {1,2,3, ..., p} such that f(¢;) = 1,
1<i<p.

S(t,) = 9(t) +g(t2)2+ o+ g(ty-q)

s(0) = |2 )

}liii:p—l

such that s(t,) # s(t;) forall1 < i < p — 1. Only one label has been used to label this
graph G. Therefore 2-divisor lucky number is one i.e 7,,4;(G) = 1.

Theorem: 4.2 The 2-divisor lucky number for the zero-divisor graph I'(Z3,), p > 3 is one.

Proof: Let graph G=I'(Z3;,) and p > 3, be a prime number.

V(G) = {51,502 ts, ta, ta, e, ty_1} = {9,20,3,69, ...,3(p — D}
E(G)={s;t;/1<i<2,1Zj<p—1}[V(G)|=p+1:|E(G)|=2p—2.
Define g: V(G) — {1,2,3,...,2p — 2} such that f(s;) = 1,1 <i < 2 andf(tj) =1,

1<j<p—1

S(SL) - [9&1)‘*‘9&2)*"""9

(tp_ljl where [ = 1,2
2
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s(t )= [g(SI)Jrg(SZ)I where 1<j<p-1

such that s(s;) # s(tj) foralll1<i<Zandl<j<p-1

Labeling this graph only one label has been used so 2-divisor lucky number is two. i.e.
Nva(6) = 1.

Theorem: 4.3 I'(Zs,), p = 3, and p # 5 the zero-divisor has 2-divisor lucky number to be one.
Proof: Let graph G = I'(Zsp). p = 3 and p # 5 be a prime number.
V(G) = {51, S,,53, S4, by, o, ts, .., tp_l} ={p.2p,3p, 4p,510,15,....5(p — 1)}
EG) ={sitj/1<i<41<j<p-1} V(O =p+3:|EG)|=4p—4
Define g:V(G) = {12,..,4p —4} such that g(s;) =1, 1< i< 4andg(t;) = 1,1 < <

p—1

S(Si) — [9(%)*9&2)‘:“'*3(%71)

l where1 <i <4

s(t) [9(81)+9(Sz)29(83)+g(34)l where 1<j<p—1

such that s(s;) # s(tj-) foralll<i<4and 1<j<p-—-1

Therefore the 2-divisor lucky number for graph G is one. ie.  7,4;(6) =1

Theorem: 4.4 The 2-divisor lucky number, for the zero-divisor graph T'(Z, x Z,), p > 3, is one.

Proof: Let graph G = F(22 X Zp), p = 3 be a prime number.

V(6) = {ty, o ta, s tpr,x} = ((0,1,(02), (03), .. (0,p = 1), (1,0}

EG ={tx/1<i<p-1}.|[V(®|=p:lE(G)|=p—1

Define g: V(G) = {1,2,3,...,p} such that g(t;) = 1,1 <i <p—1and g(x) = 1.

s(t) = [g(;)] foralll <i<p-1

g(t) +9(t) + -+ g(tp-1)
s(x) =
2
such that s(t;) # s(x) foralll <i <p — 1.
Graph G admits 2-divisor lucky labeling and the 2-divisor lucky number of graph G is onei.e.
nvdI(G) =1.

Theorem: 4.5 The 2-divisor lucky number for the zero-divisor graphs , be a prime number is three.

Proof: Let graph G =T(Z,,) +T'(Z,). p = 3 be a prime number.

V() ={t1. to ts, s ty 1.t x} =246, ..., 2(p — 1),p, 2} where 2 € Z,.
E(G) ={tix, tyt;, tpx/1<i<p—1} [V(@|=p+1:|E@|=2p— 1
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Define g: V(G) - {1,2,3..,2p — 1} such that g(¢;,) =2,1<i<p—1, g(t,) = 1 and
g(x) =3.

9t +g(@) + - +g(tp-1) +9(x)
S(tp) = 2

s(t) = [@] foralll <i<p-1

s(x) = [g(tl)+g(t2)+---+g(tp—1)+g(tp)l

. such that s(¢t;) # s(x) # s(tp)for all1<i<p-1.

The 2-divisor lucky number of graph G is three i.e. 17,4;(G) = 3.

Theorem: 4.6 2-divisor lucky number is three for the zero-divisor graphs I(Zz,) +TI'(Zs).p > 3.
Proof: Let graph G = F(Z zp) +I'(Z;), p = 3 be a prime number.

V(G) = {ty, ty ta, e, ty_1, b, 5, ,u} ={2,4,6, ...,2(p — 1),p,2,3,4} where 2,3,4 € Z,.

E(G) = {t;s, tit, tiu, tyt;, tps, tt, tyu,st,tu/1<i<p-1}L[V(G)|=p+3:
|E(G)| = 4p + 1.

Define g:V(G) —» {1,2,3...,p+ 3} suchthat g(x;)) =3 1<i<p—-1,9(x,) =1,
g(s)=2, g(t)=3,g9w) =2

9(t) + g(tx) + -+ g(ty_1) + g(s) + g(6) + g(w)
S(tiﬂ) = 2

9(tp)+g()+g(O)+g(u)
s(t) = [ -

- ]foralllSiSp—l

g(t) + g(t) + -+ g(t,—1) + a(t,) + g(©)
S(S) = >
S() = g(t) + g(t,) + -+ g(t, 1)+ g(t,) + g(s) + g(w)
- 2

s(u) = [g(tﬂ+Q[t2)+---+g£tp—1)+.g(tp)+g(t)] : such that s(t;) # s(s) # s(t) # s(u) # s(tp)

forall 1<i < p — 1. Therefore the 2-divisor lucky number of graph G is three i.e.
nvdl(G) =3.

Theorem: 4.7 2 is the 2-divisor lucky number for the zero-divisor graphs r(z,,)+r(z,),p > 3.
Proof: Let graph G = F(Zzp) + I'(Z,), p > 3 be a prime number.

V(G) = {ty,ts ts, o, tyy, tp, 5, t} = {2,4,6,...,2(p — 1), p, 3,6} Where 3,6 € Z.
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E(G) = {t;s, tjt tpt;, tps, tpt,st/1<i<p—1}. [V(G)|=p+2:|E(G)]| =3p.

Define g:V(G) = {1,2,3...,p+ 2}suchthat g(t;) =2 1 <i<p,g(s)=1,g(t) = 1.

g(t) + g(6) + -+ g(ty-y) + g(s) + g(0)

s(tp) = 2

s(ti):[w] foralll <i<p—1

s(s) = [

s(t) = [9(51)+9(f2]+"'+g(fp—1)+9(fp)+g(5)

g9(t) + g(ty) + -+ g(tp—1) + 9(tp) + g(©
2

. l : such that s(t;) # s(t) # s(s) # s(t,) forall

1 <i < p— 1. Therefore 1,4;(G) = 2, 2-divisor lucky number is two.
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